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Abstract:A thorough analysis of slender columns under axial force and bending moment requires 
second order effects assessment. Concrete’s creep is one of the factors that increase lateral 
displacements of the bar in the long run. This phenomenon propitiates the instability and reduces its 
bearing capacity. This paper shows a procedure for assessing rheological effects based on Eurocode 2 
method. This procedure will be added to structural analysis software which takes into consideration 
geometrical and mechanical non-linearity. As an example interaction diagrams for concrete-encased 
composite columns with different slenderness values are obtained. These diagrams will demonstrate 
that rheological effects have a greater influence as axial force eccentricity and slenderness values 
increase. 
Introduction 
Reinforced concrete columns are used at great length in building structures. The taller the building is 
the more frequent is to turn to composite columns which have a high bearing capacity with relatively 
small sections. Among the different composite section columns those composed by a metal profile 
encased with concrete offer other properties such as protection against fire and corrosion.  
This type of columns typical slenderness requires considering second order effects produced by 
interaction between axial force and lateral displacements. 
Concrete’s creep produced by stresses acting for a long lapse of time originate a progressive 
increase of lateral displacements over time [1]. At Fig. 1a, y0 represents initial imperfections, y(t0) 
represents second order displacements and y(t) represents additional displacements because of 
concrete’s creep. When these additional displacements interact with axial force, columns decrease 
their bearing capacity and are more likely to failure produce by instability (Fig. 1b). 
Rheological effects can be addressed in a simplified way by means of a reduced modulus of 
elasticity for concrete so-called “effective creep modulus” [2]. As pointed by Bazant: “A good 
approach involves considering non-linear models which take into account concrete’s stress-strain 
relation [3]”. Some of these models were compared by Kawano [4] so as to identify the proper one in 
order to simulate concrete creep behavior. 
This paper examines bearing capacity loss for concrete-encased composite columns produced by 
concrete rheological effects. 
Structural analysis will be developed by means of matrix calculation software which takes into 
account geometrical non-linearity [5]. Loads will be applied gradually in accordance with the 
procedure exposed by McGuire [6]. A fiber model has been adapted for the section analysis. It enables 
the consideration of material non-linear behavior by means of its constitutive equations (Fig 2). 
Rheological effects on concrete have been assessed with a non-linear model in accordance with the 
criteria suggested by Eurocode 2 [7].  
Interaction diagrams for several concrete-encased composite columns with usual slenderness 
values in building structures have been elaborated as an application of this suggested method. 
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Figure 1: Second order analysis: a)lateral displacements and b) interaction diagram 
Analysis Procedure: 
Assumptions. During the calculus procedure the following assumptions are accepted: 
− Plane cross sections strain remains plane (Navier’s Hypothesis). Hence strains are 
proportional to the distance to the neutral axis. 
− There is deformational compatibility between steel and concrete along their contact 
surfaces. 
− Shear stresses effects and concrete tensile strength are disregarded. 
 
Materials constitutive equations. In the case of concrete, EC-2 provides the diagram for structural 
analysis depicted in Fig. 2a. Its relationship between stresses and strains can be expressed with 
function: 
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where 
η = εc / εc1   being εc and εc1 both less than zero, 
εc1 = - 0.0022  strain due to maximum compression stress fc 
κ = (1.1·Ec,nom)·εc1 / fc with fc introduced as –fc 
Ec, nom represents the average value Ecm of the modulus of elasticity or the 
corresponding design value Ecd. 
 
According to Eurocode 3 [8], in the case of steel we will adopt a simplified stress-strain curve 
composed by two branches as depicted in Fig. 2b. First one departs from origin with a slope which is 
Es (210 kN/mm2) until the characteristic yield stress fsk which depends on the type of steel is reached. 
Second branch has been assigned a slope which is Es/10000. Strain is limited to a maximum value of 
1%. 
Rheological effects assessment model. According to Eurocode 2, if stresses values are lower than 
those limits of normal service conditions, the hereunder assumptions can be accepted: 
- retraction and creep are independent; 
- there is a lineal relationship between creep and stress produced by it; 
- humidity and non-uniform temperature distribution effects are negligible; 
- the principle of superposition of external forces acting at each concrete stage can be accepted, 
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Figure 2: Stress-strain curve a) concrete and b) steel 
On the basis of these assumptions and for structural analysis, concrete’s total deformation under an 
initial external force at moment t0 with a stress value of σ(t0) and under the subsequents stress 
variations can be expressed as displayed: 
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where 
εn(t)  retraction strain 
t0  time when initiating concrete’s external forces application 
t  considered time 
J(t,t0) creep function over time t 
Ec(t0) tangential elastic modulus in time t0. 
Ec28  tangential elastic modulus after 28 days 
φ (t,t0) modulus of creep akin to elastic deformation after 28 days    
χ time ratio which depends on the deformation evolution along time. Normally and in a 
simplified way it can ben adopted χ=0,8 
 
Creep function is defined by: 
( ) ( ) ( ) 28000 ,1, cc EtttEttJ φ+=                                                                                                      (3) 
This study proposes that stresses keep constant over time, so σ(t)=σ(t0). That means that Ec(t0)= 
E28= Ecm. Taking that into accoung and replacing the creep function over time (Eq. 3), Eq. 2 could be 
expressed in a simplified manner: 
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Retraction coefficient εn(t) and creep coefficient φ (t,t0) should take into account atmospheric 
humidity, element dimensions and concrete’s composition. Moreover, creep is influenced by 
concrete’s age when the first load is applied and by its duration and value [9]. 
In order to assess both values, this work has considered a concrete’s age when loaded for the first 
time of t0=28 days, a notional thickness of 2·Ac/u=150 mm and indoor and dry atmospheric 
conditions RH=50%. On the basis of theses parameters and taking into consideration Eurocode 2, a 
final creep coefficient φ(∞,t0)=2,5 and a final linear retraction coefficient εcs∞=-0,60.10-3 are 
considered. Replacing these values within Eq.4 and considering t0=28 days and t=∞, it results: 
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Being σ0 the initial stress in any single point of the cross section induced by short duration external 
forces. 
In addition to that, if we accept that only 70% of loads can be considered dead loads and 
consequently having an influence on creeping and if we accept a linear relationship between creep and 
the stress which produces it (according to Eurocode 2), then we can amend the previous expression: 
cm
c
cm
c
tot EE
0303 45,2106,05,370,0106,0 σσε ⋅+⋅−=⋅⋅+⋅−= −−                                                             (6) 
Previous equation perfectly expresses final strain as the result of adding two terms. First one 
corresponds to retraction and is a constant value. That involves that regarding the short-lived 
strain-stress diagram, initial deformation produced by initial stress increases in a constant way. 
Second one corresponds to creep and is a value proportional to initial stress. Hence regarding the 
short-lived strain-stress diagram, the higher initial stress is the higher initial strain. Final result of both 
effects is depicted in Fig. 3. 
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Figure 3: Short-lived and long-lived concrete strain-stress diagram 
Cross section response. Usually relationship among bending moment, axial force and curvature 
involves six variables: axial force N, bending moment MZ, bending moment MY, distance yn from 
neutral axis to the section center of mass, curvature φ of the strain plane and angle θ  formed by neutral 
axis with axis Y. 
Among better known methods for determining the cross section response we have that one which 
begins with a cross section discretized model. This discretization can be done by means of a series of 
segments with a reduced thickness and parallel to the neutral axis or by means of small cells [10]. 
Both segments and cells would be assigned a constant stress applied on their center of mass. 
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Figure 4: Cross section discretization and stress distribution with a single bending moment. 
Knowing the position of the neutral axis (yn-θ) and the curvature plane (φ), the average strain of 
each segment will be determined (εi=φ·y). Each point stress will be obtained by means of the materials 
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 constitutive equations. If a segment involves different materials, it will be divided in portions so as to 
determine the area and the stress which is affecting each one. 
Section response can be obtained by numerical integration: 
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Nevertheless, due to materials non-linear behavior, finding the balance between external forces 
and internal response in the cross section requires applying an iterative process [11]. This work has 
employed the procedure proposed by Fenollosa & Alonso [12] based on the bisection method. This 
method consists of adopting a limit superior and a limit inferior for the neutral axis position (yn) and 
for the deformed plane curvature (φ). These limits define the interval which contains the solution. 
In the case of axial compression and one bending moment the process requires too linked loops. 
First one places the deformed planed curvature by means of the balance between the external axial 
force and the internal one. Second one determines the neutral axis (yn) position by means of the 
balance between the external bending with respect to axis Z moment and the internal one. Once the 
balance is achieved, the cross section stiffness modulus E·I=M/φ can be deduced by means of 
expression. This value is necessary for the structural analysis process to be described hereunder. 
Column structural analysis. Raising an analytical development of the functions which define the 
bar behavior during the load process involves a big complexity and is even worsened by the fact that 
the bar is composed by different materials composing a heterogeneous cross section. Therefore the 
bar discretization is proposed in order to develop its structural analysis [13].  
The bar is discretized in a series of stretches and the coordinates of both ends are obtained.  Initial 
imperfections are defined by the lateral deformation in the mid point e0,d. For the axis with the biggest 
second moment of inertia this value can be obtained by means of Eq. 8 as explained by Eurocode 3: 
( )( ) AWe pld ··30,085,0·2,0·34,0,0 λλ +−=                                                                                       (8)
 
When deformed the bar can be assimilated to a sine arch enabling the coordinates determination 
for the deformed bar. Having fixed the eccentricity of the axial force application and by means of the
structural analysis software ANGLE [5], the non-linear geometrically and mechanically design of the 
structure will be done. Load will be applied gradually until the bar failure is produced. Therefore the 
pair of values Nu-Mu which produce the bar collapse will be obtained. 
The stiffness matrix for the first load step is determined on the geometry of the initially deformed 
structures because of imperfections and taking into account the gross second moment of inertia for the 
cross section. The following load steps are developed using a tangent stiffness matrix [Kt] which 
takes into account the deformed position obtained in the previous step (geometrical non-linearity) and 
the stiffness modulus (mechanical non-linearity) which has been obtained from the cross section 
balance with the external forces applied (E·I=M/φ). The structure balance search process at any single 
load step is done by means of the application of the Newton-Raphson method. 
Bar collapse can be produced either by cross section failure if the interaction diagram is reached or 
by instability if it is not possible to balance the bar at a certain load step. 
Results 
The exposed procedure has been applied for the elaboration fo interaction diagrams of several 
concrete-encased composite columns with heights of 0, 3, 5, 7’5 y 10 m. Pin joints have been 
considered at both ends. 
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 Column cross section is composed by a HEB-260 steel profile encased in a reinforced concrete 
section measuring 45x45cm. The cross section has been reinforced with eight rebars with a diameter 
of 20 mm and with a mechanical coating of 3cm. Characteristic strengths of materials and safety 
coefficients employed are collected in Table 1: 
Table 1: Material strengths and safety coefficients 
 Concrete Structural steel  Reinforced bars 
Strength [N/mm2] 25 275 400 
Safety coefficient 1,35 1,10 1,15 
 
Cross section interaction diagram (Fig. 3a) has been developed with three assumptions. In order to 
obtain curves 1 and 2, rheological effects have not been taken into account. However in curve 2 the 
stress for concrete is affected by a coefficient with a value of 0,85. Both curves are almost coincident. 
Curve 3 has been obtained assessing the rheological effects according to the model exposed. 
In the case of beam-column, when considering rheological effects, the loss of bearing capacity 
which had been already observed in the cross section interaction diagrams, is produced in a similar 
way in the column interaction diagram (curves depicted with continuous line in Fig. 3b). 
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Figure 5: Rheological effects assessment 
The loss of bearing capacity for the cross section and the different columns analyzed because of 
rheologial effects and for different relationships between axial force and bending moment is 
expressed in Table 2: 
Table 2: Bearing capacity reduction (%) 
 M=0 M/N=0,05 M/N=0,1 M/N=0,3 N=0 
0 m 7,19 8,62 8,53 7,26 2,40 
3 m 8,04 8,30 7,81 6,93 2,40 
5 m 9,43 8,32 7,70 6,85 2,40 
7,5 m 10,85 9,08 7,65 6,62 2,40 
10 m 12,06 9,39 7,62 6,46 2,40 
Conclusions 
A procedure to obtain the bearing capacity of concrete-encased composite columns taking into 
account geometrical and material non-linearity has been obtained. Rheological effects for concrete 
have been assessed following the model and the parameters proposed by Eurocode 2. 
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 This procedure has been applied for the elaboration of interaction diagrams of composite columns 
with different slenderness values. For these columns the bearing capacity loss produced by 
rheological effects has been assessed (Table 2). 
Taking into account the results obtained for the cross section, it can be concluded that the use of a 
long-lived strain-stress diagram for concrete as depicted in Fig. 3 leads to results which are similar to 
those obtained with a short-lived strain-stress diagram whose concrete tension has been affected by a 
safety coefficient of 0,85 because of fatigue. 
The bearing capacity loss observed within the section is approximately the same in the interaction 
diagram for columns. Rheolocial effects produce a bigger bearing capacity reduction in the case of 
centered axial force and specially with big slenderness values for the column (between 8,04 and 12,06 
%). It has a smaller influence when just bending moment is applied as long as the slenderness value of 
the bar has no contribution (2,40 %).  
Analyzed cases for axial force eccentricities ranging grom 0,1 to 0,3 have a similar bearing 
capacity loss. Under these conditions, we can conclude that the bar slenderness has a small influence: 
bearing capacity loss ranges from 7,81% to 6,93% in columns with a height of 3m and from 7,62% to 
6,46% in columns with a height of 10m. 
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